, the Euler system machinery has been used by many to obtain important results in arithmetic. Kolyvagin used the Heegner point Euler system in [Kol91a, Kol91b] to bound the order and determine the structure of the Tate-Shafarevich groups of elliptic curves, making an important progress towards the Birch and SwinnertonDyer conjecture. Rubin generalized Kolyvagin's machinery to apply it in the realm of Iwasawa theory. He used in [Rub91] the elliptic unit Euler system to prove the main conjectures of Iwasawa theory for CM elliptic curves, and in [Lan90] to give an elementary proof of the classical main conjectures (originally proved by Mazur and Wiles [MW84] ) using the cyclotomic unit Euler system. Later Kato [Kat04] constructed an Euler system for elliptic modular forms using the Beilinson elements in the K 2 of modular curves, and deduced one of the divisibilities of the main conjectures of Iwasawa theory in this setting.
Iwasawa theory of Z p -extensions may be seen as a particular instance of Mazur's general theory of Galois deformations. Greenberg [Gre94] takes this perspective to generalize Iwasawa's theory to a more general study of deformations of motives. Before we relate the content of this article to Greenberg's theory, we provide a quick overview of Mazur's theory of Galois deformations; see [Maz89, dSL97, Gou01] for details.
Fix forever an odd prime p. Let Φ be a finite extension of Q p and O be the ring of integers of Φ. Let ̟ ∈ O be a uniformizer, and let k = O/̟ be its residue field. Consider the following category C:
• An object of C is a commutative, complete, local, Noetherian O-algebra A whose residue field k A = A/m A is isomorphic to k, where m A denotes the maximal ideal of A.
• A morphism f : A → B in C is a local O-algebra morphism.
Let Σ be a finite set of places of Q that contains p and ∞. Let G Q,Σ denote the Galois group of the maximal extension Q Σ of Q unramified outside Σ. Fix an absolutely irreducible, continuous Galois representationρ : G Q,Σ −→ GL n (k), and letT be the representation space (so thatT is an n-dimensional k-vector space on which G Q,Σ acts continuously).
Let Fρ : C −→ Sets be the functor defined as follows. For every object A of C, Fρ(A) is the set of continuous homomorphisms ρ A : G Q,Σ −→ GL n (A) that satisfy ρ A ⊗ A k ∼ =ρ, taken modulo conjugation by the elements of GL n (A). For every morhism f : A → B in C, Fρ(f )(ρ A ) is the GL n (B)-conjugacy class of ρ A ⊗ A B.
Theorem (Mazur) . The functor Fρ is representable.
In other words, there is a ring R(ρ) ∈ Ob(C) and a continuous representation ρ ρ ρ : G Q −→ GL n (R(ρ)) such that for every A ∈ Ob(C) and any continuous representation ρ A : G Q,Σ → GL n (A), there is a unique morphism f A : R(ρ) → A such that ρ ρ ρ ⊗ R(ρ) A ∼ = ρ A .
The ring R(ρ) is called the universal deformation ring and ρ ρ ρ the universal deformation ofρ.
Let Ad(ρ) be the adjoint representation. Consider the following hypothesis: (H.nOb) H 2 (G Q,Σ , Ad(ρ)) = 0.
We say that the deformation problem forρ is unobstructed if (H.nOb) holds true. In this case Mazur shows that
Example 1.1. Suppose E/Q is an elliptic curve. Let Σ be the set of primes that consists of primes at which E has bad reduction, p and ∞. LetT = E[p], the p-torsion of E and
the associated Galois representation. Flach [Fla92] shows that the deformation problem forρ is unobstructed and R(ρ) ∼ = Z p [[X 1 , X 2 , X 3 ]] if the following holds:
•ρ E is surjective, • H 0 (Q ℓ ,T ⊗T ) = 0 for all ℓ ∈ Σ, • p does not divide Ω −1 L(Sym 2 (E), 2), where Ω = Ω(Sym 2 (E), 2) is the transcendental period.
Example 1.2. Let f be an elliptic newform of level N, weight k > 2 and character ψ. Let K be the number field generated by the Fourier coefficients of f and O K be its ring of integers. For a prime ℘ of K above p, let k = O K /℘ and O = W (k), the Witt vectors of k. Let ρ =ρ f,℘ : G Q,Σ −→ GL 2 (k) be the Galois representation attached to f by Deligne. Then Weston [Wes04] shows for almost all choices of a prime ℘ of K, the deformation problem forρ is unobstructed and R(ρ) ∼ = O[[X 1 , X 2 , X 3 ]].
One may also study a subclass of deformations of a givenρ, rather than the full deformation space R(ρ). The following paragraph illustrates a particular case which has been much studied by many authors. Supposeρ : G Q,Σ −→ GL 2 (k) is p-ordinary and a p-distinguished, in the sense that the restriction ofρ to a decomposition group at p is reducible and non-scalar. Assume further thatρ is odd, i.e., det(ρ)(c) = −1 where c is any complex conjugation. Then Serre's conjecture [Ser87] (as proved in [KW09, Kis09a] ) implies thatρ arises from an ordinary newform f as in Example 1.2. Hida associates in [Hid86b, Hid86a] such f a family of ordinary modular forms and a Galois representation T attached to the family, with coefficients in the universal ordinary Hecke algebra H. Thanks to the "R = T " theorems proved in [Wil95, TW95] (and their refinements) it follows that H is the universal ordinary deformation ring ofρ parametrizing all ordinary deformations of ρ. Ochiai [Och05] (resp., Howard [How07] ) has studied the Iwasawa theory of this family of Galois representations by interpolating Kato's Euler system (resp., Heegner points) for each member of the family to a 'big' Euler system for the whole family.
The main goal of the current article is to generalize the work of Ochiai [Och05] and Howard [How07] to more general Galois representations and more general class of deformation rings.
The general Euler system machinery takes an Euler system (which is a collection of cohomology classes that satisfies certain norm-compatibility conditions) as an input and produces what Kolyvagin calls the derivative classes. In [MR04] , Mazur and Rubin slightly modify the derivative classes so as to obtain what they call Kolyvagin systems. Using Kolyvagin systems one obtains the bounds on Selmer groups that we seek for. As powerful the Euler system machinery is, as difficult it is to construct an Euler system for a general Galois representation, although some folklore conjectures (such as the Bloch-Kato conjectures, c.f., [BK90, FPR94] ) hint at the existence of Euler systems in great generality. On the other hand, Mazur and Rubin prove in [MR04, Theorem 5.1.1] that Kolyvagin systems do exist for a very general class of mod p Galois representations. Furthermore, they prove a similar result for deformations of these Galois representations to discrete valuation rings. Later in [Büy11b] , the author extended their result by proving that these Kolyvagin systems in fact may be deformed to the cyclotomic
, where Γ is the Galois group of the cyclotomic Z p -extension Q ∞ /Q.
In this paper we will study the deformation problem for Kolyvagin systems to one of the following choices of rings:
, where R is a dimension-2 Gorenstein O-algebra with a regular sequence {̟, X} such that R/X is a finitely generated torsion-free O-module.
(which we will think of as an unobstructed universal deformation ring of a two dimensional mod ̟ Galois representation ρ in examples.)
See Theorem A below for our main result in this direction.
Before we describe our results we fix some notation. Let m (resp., M) be the maximal ideal of R (resp., of R) and k = R/m (resp., k = R/M) be the residue field. When the coefficient ring we are interested in is the ring R as in (i) above, we let T be a free R-module of finite rank which is endowed with a continuous G Q -action, unramified outside a finite set of primes. Set T = T ⊗ Zp Λ, where we allow G Q act on both factors. When the coefficient ring we are interested in is R as in (ii), we let T be a free R-module of finite rank endowed with a continuous G Q -action unramified outside a finite number of primes. In either case, we letT = T/m (resp.,T = T/M) and define χ(T) = dim kT − (resp., χ(T)), whereT − is the (−1)-eigensubspace ofT under the action of a fixed complex conjugation.
The following hypotheses will play a role in what follows: (H1)T is an absolutely irreducible G Q -module. (H2) There is a τ ∈ G Q such that τ acts trivially on µ µ µ p ∞ and the R-module T/(τ − 1)T (resp., the R-module T/(τ − 1)T) is free of rank one.
(
(H.Tam) For all bad primes ℓ, For T (resp., T) as above, let KS(T, F can , P) (resp., KS(T, F can , P)) be the R-module (resp., the R-module) of big Kolyvagin systems for T (resp., for T) and the canonical Selmer structure; see §2 and §3.2 for precise definitions of these objects.
Theorem A (See Theorem 3.12 below). Suppose χ(T) = χ(T) = 1. Under the hypotheses (H1-H4), (H.Tam) and (H.nA), (i) the R-module KS(T, F can , P) is free of rank one, generated by a Kolyvagin system κ κ κ whose imageκ κ κ ∈ KS(T , F can , P) is non-zero,
(ii) the R-module KS(T, F can , P) is free of rank one. When the ring R is regular, the module KS(T, F can , P) is generated by κ κ κ whose imageκ κ κ ∈ KS(T , F can , P) is nonzero.
In Theorem A, T (resp., T) should be thought of as a family of Galois representations and the conclusion of Theorem A as an assertion that the Kolyvagin systems for each individual member of the family T (resp., T) interpolate to give rise to a 'big' Kolyvagin system.
We remark that the arguments used in the proof of Theorem A generalize without any effort to handle a general regular ring (not necessarily of relative dimension 3 over O, as R above is). However, any significant arithmetic application of our general theorem is restricted to the case when the big Kolyvagin system for T (resp., for T) that is proved to exist in Theorem A interpolates Kolyvagin systems which are explicitly related to L-values. At the moment this is only possible when the residual representationT is two dimensional and χ(T ) = 1, in which case the unobstructed universal deformation ring is R. Note that whenT is two dimensional and χ(T ) = 1, we know thatT is modular and the recent advances in modularity lifting theorems and progress towards the Fontaine-Mazur conjecture (due to Emerton [Eme11] and Kisin [Kis09b] ) show that the big Kolyvagin system for the universal deformation T of T indeed interpolates Kato's Kolyvagin systems for elliptic modular forms whose associated Galois representations are congruent toT .
To be more precise on the last point we made, let E /Q be an elliptic curve,T = E[p] be the p-torsion subgroup of E(Q) andρ =ρ E the mod p Galois representation onT . Define also R = R(ρ) to be the universal deformation ring ofρ. Suppose that E satisfies (H.nOb) so that
The universal deformation representation T is a free R-module of rank two. Until the end of this introduction, T will stand for this particular Galois representation; see the main body of the text for the most general form of the results we record in this section. Suppose also that T satisfies the hypotheses (H1)-(H4) as well as (H.Tam)(i) and (H.nA); see §5.1 for the content of these assumptions in this particular setting.
Let f = a n q n be a newform of weight ω ≥ 2 and let O f be the finite flat normal extenion of Z p which the a n 's generate. Let
be the Galois representation attached to E by Deligne and T f be the free O f -module of rank two on which G Q acts via ρ f . Suppose thatρ f ∼ =ρ, so that by the universality of R there is a ring homomorphism ϕ f : R → O f which induces an isomorphism T ⊗ ϕ f O f ∼ = T f and a map
For each f as above, Kato in [Kat04] constructed a Kolyvagin system κ κ κ Kato,(f ) ∈ KS(T f , F can , P) using Beilinson's elements. As a consequence of Thearem A above, we prove that a generator κ κ κ of the R-module KS(T, F can , P) interpolates κ κ κ Kato,(f ) as f varies, generalizing the results of [Och05, How07] where similar results were obtained for the universal ordinary deformation.
Assume further thatρ| G Qp is reducible and non-scalar. Then the leading term κ 1 of κ κ κ is non-zero.
The following result is the standard application of the Kolyvagin system machinery, proved essentially in [Och05] . Let F * can be the dual Selmer structure on T * , see Definition 2.4 for a definition of the dual Selmer structure. For any abelian group N, let N ∨ denote the Pontryagin dual. If M is a finitely generated torsion R-module, set
where the product is over height one primes of R.
Theorem C. The cofinitely generated
where κ 1 is the leading term of a generator κ κ κ of the R-module KS(T, F can , P) of big Kolyvagin systems.
This statement is closely related to Greenberg's main conjectures [Gre94] for deformations of motives. To explain, we give the following definition and propose the conjecture that follows in order to define the "correct Selmer structure" F BK on T as above:
Conjecture D.
There is an R-submodule (the Bloch-Kato submodule)
with the following properties:
with finite cokernel,
See [Pot11] for progress related to this conjecture. Set loc
. Using the property (iii) in Conjecture D, we conclude that:
We call the ideal L(κ κ κ) : The paper is organized as follows. After setting our notation, we define in §2 what a Selmer structure is. In §3, we state our main technical result (Theorem 3.12) and prove it modulo the existence of core vertices. The existence of core vertices then is proved in §4. Finally in §5, we discuss several applications of our result. Bounds on Selmer groups in terms of the big Kolyvagin system we prove to exist is obtained in §5.3 and §5.4. More concrete applications towards the interpolation of Kato's Kolyvagin systems for elliptic modular forms is discussed in §5.1, §5.2 and §5.4.2.
Kato has related the values
1.1. Notations. For any field K, fix a separable closureK of K and set G K = Gal(K/K). Let F be a number field and λ be a non-archimedean place of F . Fix a decomposition subgroup G λ < G F and let I λ < G λ denote the inertia subgroup. Often we will identify G λ by G F λ . For a finite set Σ of places of K, define K Σ to be the maximal extension of K unramified outside Σ.
Let p be an odd prime and let Q ∞ /Q be the cyclotomic Z p -extension. Let µ µ µ p n denote the p nth roots of unity and set µ µ µ p ∞ = lim − → µ µ µ p n . Set Γ = Gal(Q ∞ /Q) and fix a topological generator
] be the cyclotomic Iwasawa algebra.
For a ring S, an S-module M and an ideal I of S, let M[I] denote the submodule of M consisting of elements that are killed by I.
For the ring
We define the quotient modules T u,v,w := T ⊗ R R u,v,w and T r,u,v,w := T ⊗ R R r,u,v,w .
Similarly for the ring
Finally, we define the p-divisible goups
be the dimension-zero Gorenstein artinian ring, where R is as above.
where m R denotes the maximal ideal of R. Define also R 1 = R/X. Using the fact {̟, X} is a regular sequence in R, we see that R 1 is a dimension-1 Gorenstein domain. SetΦ = Frac(R 1 ).
As R 1 is finitely generated and free as an O-module, it follows thatΦ is a finite extension of Φ. Let O be the integral closure of R 1 inΦ. Then O is a discrete valuation ring and O/R 1 has finite cardinality. Let m O be the maximal ideal of O and π O be a uniformizer of O. Define
As O/R 1 is of finite order, it follows that A ∼ = A 1,1 .
LOCAL CONDITIONS AND SELMER GROUPS
We recall a definition from [MR04, §2] .
Definition 2.1. A Selmer structure F on M is a collection of the following data:
• A finite set Σ(F ) of places of Q, including ∞, p, and all primes where M is ramified.
• For every ℓ ∈ Σ(F ), a local condition on M (which we now view as
Definition 2.2. For a Selmer structure F on M, define the Selmer group
Definition 2.3.
A Selmer triple is a triple (M, F , P) where F is a Selmer structure on M and P is a set of rational primes, disjoint from Σ(F ).
under the local Tate pairing. The Selmer structure F * on M * defined in this manner is called the dual Selmer structure.
, and verifies using [Rub00, Lemma
Local conditions at p.
Proposition 2.5. Assuming (H.nA),
Proof. We need to check that
so it suffices to check that
Now by local duality, (H.nA) implies that H 2 (Q p ,T ) = 0. Using the fact that the cohomological dimension of G p is two, it follows that
is the maximal ideal of the ring R. By Nakayama's Lemma, we therefore see that H 2 (Q p , T) = 0. Using again the fact that the cohomological dimension of G p is two, we conclude that
and the proof of (i) follows. The proof of (ii) is similar but more delicate as the ring R is not necessarily regular. As above, we first check that
Considering the G p -cohomology induced from the exact sequence
and using Nakayama's lemma, (2.3) is reduced to verifying that H 2 (Q p , T ) = 0. Similarly, using the exact sequences
in turn, we reduce to checking that
The assertion (2.4) is proved below. We first show that (ii) follows from (2.4). As above,
By (2.4) and the fact that the cohomological dimension of G p is two, it follows that
This proves that H 2 (Q p , T u,v ) = 0 and it follows that
as desired.
Proof. The property (1.2) shows that
Since we assumed H.nA, it thus follows that
is free of of finite rank over the Gorenstein artinian ring R 0 , hence by [MR04, Lemma 2.1.4] we conclude that H 0 (Q p , T * 1,1,1 ) = 0 as well. Claim now follows by local duality.
2.3. Kolyvagin primes and transverse conditions. Let τ ∈ G Q be as in the statement of the hypothesis (H.2).
The collection Pn is called the collection of Kolyvagin primes for T r,u,v,w . Set P = P (1,1,1,1) and define Nn to be the set of square free products of primes in Pn.
We similarly define fors = (r, u, v) the sollection of Kolyvagin primes Ps for T r,u,v and the set Ns of square free products of primes in Ps.
Definition 2.7. The partial order ≺ on the collection of quadruples (r, u, v, w) ∈ (Z >0 ) 4 is defined by settingn
We denote the partial order defined on triples of positive integers in an identical manner also by ≺.
To ease notation, set Tn := T r,u,v,w and Rn := R r,u,v,w forn = (r, u, v, w). Define similarly Tn := T r,u,v and Rn := R r,u,v .
Remark 2.8. Suppose ℓ is a Kolyvagin prime in Pn (resp., in Ps), wheren (resp.,s) are as above. Then as τ acts trivially on µ µ µ p r and Fr ℓ is conjugate to τ in Gal(Ln/Q), it follows that Fr ℓ acts trivially on µ µ µ p r and hence that ℓ ≡ 1 mod p r . In particular
Throughout this section, fix a Kolyvagin prime ℓ ∈ Pn (or in Ps, whenever we talk about quotients of T).
Definition 2.9. Let T be one of T r,u,v,w , T r,u,v or T/m.
is called the transverse submodule.
is defined by the exactness of the sequence (2.5)
Definition 2.10. Let T be one of T r,u,v,w , T r,u,v or T/m and suppose n ∈ Nn (or n ∈ Ns if we are talking about quotients of T). The modified Selmer structure F can (n) on T is defined with the following data:
Remark 2.11. Proposition 1.3.2 of [MR04] shows that
Lemma 2.12. Let T be one of the rings
T ). In other words (2.5) above has a functorial splitting.
Proof. This is [MR04, Lemma 1.2.4] which is proved for a general artinian coefficient ring. Proposition 2.13. Letn = (r, u, v, w) ands = (r, u, v) be as above.
(i) There are canonical functorial isomorphisms
( Note that all the results quoted from [MR04] apply in our setting thanks to Remark 2.8.
ii) There is a canonical isomorphism (called the finite-singular comparison isomorphism)
φ f s ℓ : H 1 f (Q ℓ , Tn) −→ H 1 s (Q ℓ , Tn) ⊗ F × ℓ . (iii) The Rn modules H 1 f (Q ℓ , Tn), H 1 s (Q ℓ , Tn) and H 1 tr (Q ℓ ,
CORE VERTICES AND DEFORMING KOLYVAGIN SYSTEMS
Assume throughout this section that χ(T) = χ(T) = 1.
Core vertices.
Suppose T is one of T r,u,v,w , T r,u,v or T/m and S is the corresponding quotient ring R r,u,v,w , R r,u,v or k.
Definition 3.1. The integer n ∈ Nn (resp., n ∈ Ns) is called a core vertex for the Selmer structure F can on T if
is a free S-module of rank one.
Suppose that the hypotheses (H1)-(H4), (H.Tam), and (H.nA) hold true. The following theorem is fundamental in proving the existence of Kolyvagin systems.
Theorem 3.2. Let n ∈ Nn (resp., n ∈ Ns) be a core vertex for the Selmer structure F can on the residual representationT . Then n is a core vertex for the Selmer structure F can on T as well.
Theorem 3.2 is proved in §4.2. We first show how Theorem 3.2 is used to prove the existence of Kolyvagin systems for the big Galois representations T (resp., for T).
Kolyvagin systems for the big Galois representation.
3.2.1. Kolyvagin systems over Artinian rings. Throughout this section fixn = (r, u, v, w) and
3 ) such thatn ≺ī (resp.,s ≺j).
Throughout this subsection, let T be one of Tn, Ts or T/m, and let S be the corresponding quotient ring Rn, Rs or k. Let P denote the collection of Kolyvagin primes P¯i (resp., P¯j) and N denote the set of square free products of primes in P.
Much of the definitions and arguments in this section follow [MR04] and [Büy11b] .
Definition 3.3.
(i) If X is a graph and Mod R is the category of R-modules, a simplicial sheaf S on X with values in Mod R is a rule assigning • an R-module S(v) for every vertex v of X,
• an R-module S(e) for every edge e of X,
• an R-module homomorphism ψ e v : S(v) → S(e) whenever the vertex v is an endpoint of the edge e.
(ii) A global section of S is a collection {κ v ∈ S(v) : v is a vertex of X} such that, for every edge e = {v,
We write Γ(S) for the R-module of global sections of S.
Definition 3.4. For the Selmer triple (T, F can , P), we define a graph X = X (P) by taking the set of vertices of X to be N , and the edges to be {n, nℓ} whenever n, nℓ ∈ N (with ℓ prime).
(i) The Selmer sheaf H is the simplicial sheaf on X given as follows. Set
We define the vertex-to-edge maps to be (ii) A Kolyvagin system for the triple (T, F can , P) is simply a global section of the Selmer sheaf H.
We write KS(T, F can , P) := Γ(H) for the S-module of Kolyvagin systems for the Selmer structure F can on T . More explicitly, an element κ κ κ ∈ KS(T, F can , P) is a collection {κ n } of cohomology classes indexed by n ∈ N such that for every n, nℓ ∈ N we have:
Here, loc s ℓ stands for the composite
The goal of this section is to prove the following theorem, assuming (H1)-(H4), (H.Tam) and (H.nA).
Theorem 3.5. The S-module KS(T, F can , P) is free of rank one.
Theorem 3.5 is proved in two steps. As the first step, we prove: Theorem 3.6. Suppose n ∈ N is any core vertex for the Selmer structure F can on T . Then the natural map
The arguments of [Büy11b, Theorem 3.11] (which in turn modifies the arguments of Howard in [MR04] appropriately so as to apply them with general artinian rings) may be used to prove Theorem 3.6. The main point is that we have Theorem 3.2 here in place of [Büy11b, Theorem 2.27].
Define a subgraph X 0 = X 0 (P) of X whose vertices are the core vertices of X and whose edges are defined as follows: We join n and nℓ by an edge in X 0 if and only if the localization map
We define the sheaf H 0 on X 0 as the restriction of the Selmer sheaf H to X 0 .
Lemma 3.7. The graph X 0 is connected.
Proof. The edges of X 0 are defined in terms ofT (and not T itself) so [MR04, Theorem 4.3.12] applies.
The following Theorem, combined with Theorem 3.6 completes the proof of Theorem 3.5.
Theorem 3.8. Suppose n ∈ N is any core vertex for the Selmer structure F can on T . Then the natural map
Theorem 3.5 is proved using the arguments that goes into the proof of [Büy11b, Theorem 3.12]. The essential input is the fact that the graph X 0 is connected (Lemma 3.7).
Kolyvagin systems over 'big' rings.
The goal of this section is to prove (Theorem 3.12 below) using the results of the previous section that the R-module
(resp., the R-module
is free of rank one.
Lemma 3.9. Fix a quadruplen as above. For anyī ≻n, the natural restriction map
is an isomorphism.
Proof. Theorems 3.6 and 3.8 applied with a core vertex n ∈ N¯i, we have isomorphisms
compatible with the restriction map
Note that n ∈ N¯i as above exists by [MR04, Corollary 4.1.9] and Theorem 3.2 above.
Lemma 3.10. Letn ′ ≺n and let n ∈ Nn be a core vertex. The map
Proof. We verify the assertion of the Lemma forn ′ = (r, u, v, w) andn = (r + 1, u, v, w). The proof of the general case follows by applying this argument (or where necessary, its slightly modified form) repeatedly.
We have the following commutative diagram, where the vertical isomorphism is obtained from (a slight variation of) Proposition 4.17(iv) below:
Since n ∈ Nn is a core vertex (and therefore H 1 Fcan(n) (Q, Tn) is a free Rn-module of rank one), the map on the diagonal is surjective. This proves that the horizontal map is surjective as well.
Lemma 3.11. The map
is surjective forn ′ ≺n.
Proof. By Theorem 3.6, Theorem 3.8 and Lemma 3.9 applied with a core vertex n ∈ Nn to both Tn and Tn′, we obtain the following commutative diagram with vertical isomorphisms: (i) The R-module KS(T, F can , P) is free of rank one, generated by a Kolyvagin system κ κ κ whose imageκ κ κ ∈ KS(T , F can , P) is non-zero.
(ii) The R-module KS(T, F can , P) is free of rank one. When the ring R is regular, the module KS(T, F can , P) is generated by κ κ κ whose imageκ κ κ ∈ KS(T , F can , P) is nonzero.
Proof. Lemma 3.9 shows that
The proof of (i) now follows by Theorem 3.5 and Lemma 3.11. (ii) is proved similarly, by appropriately modifying the ingredients that go into the proof of (i).
THE EXISTENCE OF CORE VERTICES
The goal of this section is to verify the truth of Theorem 3.2.
4.1. Cartesian properties. Let C = {T r,u,v,w : r, u, v, w ∈ Z + } (resp., C = {T r,u,v : r, u, v ∈ Z + } ∪ {T/m}) be a collection of R-modules (resp., R-modules).
Definition 4.1. A local condition F at a prime ℓ is said to be cartesian on the collection C if it satisfies the following conditions:
The arrow is induced from the injection
where [X 1 ] stands for multiplication by X 1 .
.
(C3)
, where the arrow is induced from the injection
Similarly, Definition 4.2. A local condition F at a prime ℓ is said to be cartesian on the collection C if it satisfies the following conditions:
(D3)
, where the arrow is induced from the injection Lemma 4.4.
The following sequence is exact:
Proof. (iv) follows from (2.1). By [Rub00, Lemma 1.3.5] we have the following two exact sequences:
In Lemma 4.5, we check under the assumption (H.Tam) that W Fr ℓ =1 = 0. Since W is a finite module, the exact sequence
shows that W/(Fr ℓ − 1)W = 0. This proves that
This proves (i) and (ii). By (2.1) and (4.3) it now follows that
and the proof of (iii) follows. 
. To conclude with the proof, it therefore suffices to show that
For any α ∈ Z + , (4.4) shows (4.5)
The exact sequence
and (4.5) shows that A 
By Lemma 4.4(iv) we have the following commutative diagram with exact rows:
Lemma 4.6. The map α is injective if
is injective.
Proof. This follows from the commutative diagram
whose exact rows come from the Hochschild-Serre spectral sequence and the fact that
where the first equality is Lemma 4.4(i).
Consider the short exact sequence
The I ℓ -cohomology of this sequence gives
To ease the notation set
u,v,w , so that the sequence (4.6) may be rewritten as
Taking G ℓ /I ℓ -invariance in (4.7), we conclude that 
Proof. Noting thatT ∼ = A 1,1,1 , Hypothesis (H.Tam) shows that 
Lemma 4.8(ii) yields (using the fact that K v,w is ̟ ∞ -torsion) an exact sequence
for every α ∈ Z + . Noting that the module K v,w [̟ α ] has finite cardinality, it follows now that
Passing to direct limit, Proposition follows by (4.8). Lemma 4.11.
Proof. The proof of Lemma 4.4 above works verbatim.
Lemma 4.12. In the commutative diagram
the map α is injective.
Proof. Identical to the proof of Proposition 4.9.
Recall the ring O and the module T O from §1.1.
Proposition 4.13. 
(iii). We next verify (iv). By its very definition (see the beginning of §2),
where the second equality is thanks to (i). Thus, the assertion (iv) amounts to
. In order to verify (4.9), it suffices to check that we have a surjection
as G ℓ /I ℓ has cohomological dimension 1. Taking the I ℓ -invariance of the exact sequence
As the module H 0 (I ℓ ,T ) is of finite order, the image of the injection above lands in the Z ptorsion submodule H 1 (I ℓ , m R T 1,1 ) tors of H 1 (I ℓ , m R T 1,1 ). On the other hand,
• the second equality is obtained tensoring the exact sequence (4.11) by Q p /Z p and noting that the exactness is preserved as m R T 1,1 is Z p -torsion free, and thatT ⊗Q p /Z p = 0; • the last equality is (H.Tam).
This shows that coker
as desired and (4.9) is verified.
To verify (4.10), it again suffices to check that
Considering the I ℓ -invariance of the exact sequence
As above, H 1 (I ℓ , T O ) tors ∼ = A I ℓ /div = 0 and this completes the proof of (iv).
We now prove (v). Consider the sequence (4.12)
where the arrowT → T 1,1 is obtained from (1.2) and Q is defined by the exactness of this sequence. Taking the I ℓ -invariance of the sequence (4.12), we obtain another exact sequence
where
Taking the G ℓ /I ℓ -invariance of the final exact sequence, we
hence by Lemma 4.14 below that
Consider now the commutative diagram
(4.13) shows that ϕ is injective, and a simple diagram chase yields
) which is a restatement of (v). 
Then we have the following commutative diagram whose rows are exact by Lemma 2.12:
where the vertical arrows are induced from the natural surjection Tn′ ։ Tn. This shows that H One proves D1-D3 for the collection {Tn}n ≺n 0 ∪ {T/m} in an identical way and it remains to verify D4. To settle that, consider the commutative diagram with exact rows:
As the R 0 -module H 1 f (Q ℓ , T 1,1,1 ) (resp., the k-vector space H 1 f (Q ℓ , T/m)) is free of rank one (resp., is one-dimensional), it follows that the right-most arrow is injective and by chasing the diagram it follows that
, which is D4.
Controlling the Selmer sheaf.
Assume throughout this section that χ(T) = χ(T) = 1 in addition to the running hypotheses. Letn = (r, u, v, w) ∈ (Z >0 ) 4 ands = (r, u, v) ∈ (Z >0 ) 3 .
The upper bound.
Proposition 4.17. We have the following isomorphisms:
Proof. 
Corollary 4.18. Let n ∈ N r,u,v,w (resp., n ∈ N r,u,v ) be a core vertex for the Selmer structure 
The lower bound. Letn
Proposition 4.20. For n ∈ N r,u,v,w (resp., n ∈ N r,u,v ), we have
Proof. By [MR04, Corollary 2.3.6] it suffices to verify the assertions of the proposition only when n = 1.
Let T u,v,w be as in §1.1, so that T u,v,w is a free O-module of rank uvw. Theorem 4.1.13 of [MR04] (applied with the O[[G Q ]]-representation T = T u,v,w and its quotient Tn = T u,v,w /̟ r ) shows that
as desired. Similarly, repeating the arguments above for the free O-module T u,v (of rank uv · dim k (R 0 )), we conclude with the second assertion. 
We are now ready to prove Theorem 3.2. Letn = (r, u, v, w) ands = (r, u, v).
Corollary 4.22. Let n ∈ Nn (resp., n ∈ Ns) be a core vertex for the Selmer structure F can on the residual representationT .
Proof. It follows by Corollary 4.18 and Corollary 4.21 that Hom H
is a free Rn-module (resp., a free Rs-module) of rank one. (i) follows from the Gorenstein property of R and R, c.f., [Gro67, Prop. 4.9 and 4.10]. The point is that Φ/O is an injective hull of k and thus a dualizing module for R and R.
(ii) follows from (i) and Proposition 4.20.
APPLICATIONS
5.1. Example: Elliptic curves and deformations of Kato's Kolyvagin sytem. Suppose E /Q is an elliptic curve without CM which has split-multiplicative reduction at all primes ℓ dividing its conductor N E . LetT = E[p] be the p-torsion on E. Let
be the mod p Galois representation attached to E. Suppose that the universal deformation problem forρ E is unobstructed; see Example 1.1 above for the content of this assumption. Let R be the universal deformation ring and ρ ρ ρ E the universal deformation ofρ E and the T the deformation space on which G Q acts by ρ ρ ρ E . Since we assumed that the deformation problem is unobstructed,
and T is free of rank two as an R-module. The Weilpairing shows that χ(T ) = 1. We further suppose that T satisfies the hypotheses (H1)-(H4) as well as (H.Tam)(i) and (H.nA). Before discussing the applications of Theorem 3.12 to this setting, we first explain the contents of the extra hypotheses (H.Tam) and (H.nA) in this particular setting.
Proposition 5.1. Suppose E /Q is an elliptic curve as above and ℓ|N E is a prime. Assume that
• p does not divide the Tamagawa number c ℓ at ℓ,
Proof. Let T = T p (E) be the p-adic Tate module of E. Under the running assumptions, there is a non-split exact sequence
) is the connecting homomorphism in the long exact sequence of the G ℓ -cohomology of the sequence (5.1). Kummer theory gives an isomorphism
According to [CE56] pp. 290 and 292, −σ is the extension class of the sequence (5.1) inside Ext
Hence ord ℓ (σ) = 0 as the sequence (5.1) is non-split and by [Büy11a, Prop. 3 .3] it further follows that ord ℓ (σ) ∈ Z × p and therefore ∂ is surjective. We have the following diagram below with exact rows and commutative squares
This shows that the map∂ is surjective as well and hence
as we assumed p ∤ ℓ − 1.
The assumption (H.nA) is to say that p is not anomalous for E (in the sense of Mazur [Maz72] ). Given an elliptic curve E, Mazur in loc.cit. points out that anomalous primes should be scarce.
Let f be any elliptic newform of weight ω ≥ 2 and let
be the Galois representation attached to f by Deligne with coefficients in the ring of integers O f of a finite extension Φ f of of Q p . Let T f be the free O f module of rank 2 on which G Q acts via ρ f . Let m f denote the maximal ideal of O f and letρ f the residual representation ofρ f mod m f . Suppose thatρ f ∼ =ρ so that ρ f is a deformation ofρ to the ring O f . We thus have a ring homomorphism ϕ f : R → O f that induces and isomorphism T f ∼ = T ⊗ ϕ f O f , and by functoriality a commutative diagram
Let κ κ κ ∈ KS(T, F can , P) be any big Kolyvagin system which generates the cyclic R-module KS(T, F can , P) and let ϕ f (κ κ κ) be its image in KS(T f , F can , P). Let κ κ κ
Kato f ∈ KS(T f , F can , P) be the Kolyvagin system obtained from Kato's Euler system constructed in [Kat04] for the modular form f .
Theorem 5.2 (Interpolation). There is a λ
Remark 5.3. Theorem 5.2 states that an improved version of Kato's Kolyvagin systems (by the factor λ f ) interpolate to give rise to the big Kolyvagin system, rather than Kato's Kolyvagin systems themselves. We call the Kolyvagin system ϕ f (κ κ κ) an improvement to κ κ κ Kato f as the bounds obtained using the Kolyvagin system ϕ f (κ κ κ) improves those obtained using κ κ κ Proof of Theorem 5.2. Letκ κ κ be the image of κ κ κ in KS(T , F can , P). By Theorem 3.12,κ κ κ = 0, so it follows by [MR04, Theorem 5.2.10(ii)] and the commutative diagram (5.3) that ϕ f (κ κ κ) also generates the free O f -module KS(T f , F can , P) of rank one.
In §5.4 below we will explain how the big Kolyvagin system κ κ κ may be used to obtain bounds on certain Selmer groups. Before that, we remark that (i) the Kolyvagin system κ κ κ Thanks to these remarks, one hopes that the bounds we shall obtain below in terms κ κ κ will be ultimately related to an appropriate p-adic L-function (whose existence for the time being is highly conjectural) in 3-variables. See §5.4.2 for an elaboration of this point.
5.2. Example: Hida's nearly ordinary deformation. Suppose E /Q , is an elliptic curve without CM andρ E andT = E[p] are defined as in §5.1. Suppose in this section that E is p-ordinary and has split multiplicative reduction at every prime ℓ dividing its conductor N E . Let f E be the newform of weight 2 and level N E associated to E by the work of Wiles and Taylor-Wiles. Let Γ w = 1 + pZ p . Identify ∆ = (Z/pZ) × by µ µ µ p−1 via the Teichmüller character ω so that we have Z
Let h ord Hida's universal ordinary Hecke algebra parametrizing Hida family passing through f E , which is finite flat over Λ w by [Hid86a, Theorem 1.1]. We will recall some basic properties of h ord , for details the reader may consult [Hid86a, Hid86b] and [EPW06, §2] for a survey. The eigenform f = f E fixed as above corresponds to an arithmetic specialization
Decompose h ord into a direct sum of its completions at maximal ideals and let h w -algebra R is called the branch of the Hida family on which f E lives, by duality it corresponds to a family F of ordinary modular forms. Hida [Hid86b] gives a construction of a big G Q -representation T with coefficients in R and the ring R is Gorenstein of dimension two (as in [Wil95, TW95] ). Let Λ = Z p [[Gal(Q ∞ /Q)]] be the cyclotomic Iwasawa algebra and set R = R ⊗ Zp Λ and T = T ⊗ Zp Λ, where we allow G Q act both on T and Λ. Following Ochiai, we call T the universal ordinary deformation ofT .
Suppose that the hypotheses (H1)-(H4) as well as (H.Tam) and (H.nA) hold true. In this case, Theorem 3.12 recovers a theorem of Ochiai [Och05] , which he establishes by deforming Kato's Euler system 1 along the ordinary locus of the universal deformation space. For any ordinary eigenform g that lives in the branch R of the Hida family, let s g : R −→ O g denote the corresponding arithmetic specialization and T g = T ⊗ sg O g the associated Galois representation, where O g is the integers of a finite extension of Q p . Let
be the Λ-adic Kolyvagin system for to the cyclotomic deformation T g ⊗Λ obtained from Kato's Euler system as in [MR04, §6.2]. The proof of the following is identical to that of Theorem 5.2.
Theorem 5.4. Let κ κ κ be a generator of the free R-module KS(T, F can , P) of rank one. Let
be the map induced from the arithmetic specialization s g above by functoriality. There is a
Corollary 5.5. Let κ κ κ be as above. Then its leading term
Proof. For g as above, Kato proves that κ where a
To conclude with the proof of the lemma, we check that det(B) ∈ R is non-zero. Observe that
as the ring R/(℘, γ N ) ∼ = R/℘ is an integral domain of characteristic zero.
The goal of this section is to prove Theorems 5.7 and 5.10.
Theorem 5.7. Suppose the ring R above is regular. If the
then there is a Kolyvagin system κ κ κ ∈ KS(T, F can , P) such that: 
and hence also an injection
where F * can on M * is induced from the Selmer structure F can on T * by propagation. Passing to Pontryagin duals, we thus obtain a surjection
By the assumption that H into the ring of integers S ℘ of a finite extension Φ ℘ of Q p , whose kernel ℘ is a height one prime ℘ ⊂ R and satisfies with the following properties:
• S ℘ is integral closure of the integral domain
, where ℘ here denotes by slight abuse the height one prime which is the kernel of the induced map
We denote the induced ring homomorphism O ℘ ֒→ S ℘ also by s ℘ .
For ℘ chosen as above, it follows that the module H
]-torsion. By (5.6), this implies that the module
]-torsion as well. It is therefore possible (using Hensel's Lemma and [Mat89, Theorem 6.5]) to choose an N >> 0 such that
For N chosen as above, we therefore have that the module
and applying (5.6) again, we conclude that the module
When we do not vary N, we write T (℘) in place of T (℘, N) to ease notation. Let T = T (℘) ⊗ s℘ S ℘ and define the Selmer structure F T by setting
Note that F T is exactly what Mazur and Rubin call the canonical Selmer structure on T . Let ι denote the injection T (℘) ֒→ T . Then ι induces maps
for every prime ℓ. It is easy to see that the image of
for every ℓ (and by local duality, the image of
In Lemma 5.9 below we check that the kernel and the cokernel of this map is finite for N >> 0.
is of finite order for N >> 0, as we have already verified above
Let κ κ κ ∈ KS(T, F can , P) be a generator so that its imageκ κ κ ∈ KS(T , F can , P) is non-zero by Theorem 3.12. Hence, the image κ κ κ (℘) of κ κ κ in KS(T, F T , P) is non-zero as well. Corollary 5.2.13 of [MR04] applies thanks to our running hypotheses and it follows that the κ (℘) 1 = 0 and hence κ 1 = 0, proving (i). Furthermore, the fact that κ
where the final equality is because any height one prime of the regular ring R (in particular ℘) is principle. This proves (ii).
Lemma 5.9. When the positive integer N that appears in the proof of Theorem 5.7 is sufficiently large, the kernel and the cokernel of the map
are both finite.
Proof. We first verify that the kernels and the cokernels of the maps (5.8)
have finite order for every prime ℓ. When we do not vary N, we will denote T (℘, N) simply by T (℘). The kernel of (5.8) lives in H 0 (Q Σ /Q, (T /T (℘)) * ) and its cokernel in H 1 (Q Σ /Q, (T /T (℘)) * ) which are both finite.
As for the map (5.9) when ℓ = p, our running hypothesis (H.nA) along with the fact that the ideal ℘ is principal 2 (being a height-one prime of the regular ring R) show that
so the kernel and cokernel of (5.9) are trivial. It remains to control the kernel and the cokernel of (5.9) when ℓ = p. The kernel of
is controlled by
which is finite. We finally prove that the cokernel of (5.10) is finite. Consider now the commutative diagram
The cokernel of the vertical map in the middle is controlled by H 2 (Q ℓ , T /T (℘)) hence it is finite. Also, the kernel of the the rightmost is finite for a similar reason. This shows by snake lemma that the cokernel of the leftmost vertical map is also finite. As the index of
is finite as well, we therefore proved that (5.11) the cokernel of the map
Furthermore, it is not hard to see that the Λ-module
This is the only point in the proof of Theorems 5.7 and 5.10 where we use that the ring R is regular in an essential way.
is Λ-torsion. (Note in the equality above we use the fact that I ℓ acts trivially on Λ.) Choosing the positive integer N >> 0 above so that γ − 1 + p N does not divide the characteristic ideal of this module, we obtain a finite quotient
Since the cohomological dimension of G ℓ /I ℓ is one, we have N) ), where T (℘, N) = T /℘T ⊗Λ/(γ−1+p N ) as above. In particular, the index of N) ) is finite for N >> 0. This, together with (5.11) shows that the kernel and cokernel of the map (5.10), and by local duality, also the kernel and the cokernel of the map (5.9) are finite for N >> 0.
Using the fact that the kernels and cokernels of the maps (5.8) and (5.9) are both finite the proof of the lemma follows at once.
Theorem 5.10. Suppose the ring R above is regular and suppose that there is a Kolyvagin system κ κ κ ∈ KS(T,
Proof. As the proof of this Theorem in fact follows from a more general statement due to Ochiai [Och05] (see the proof Theorem 2.6; also §5.4 below), we give a sketch of the proof. We use the notation from the proof of Theorem 5.7. Since κ 1 is non-torsion, it follows that there is a height one prime ℘ of R as in the proof of Theorem 5.7 and a positive integer N (chosen in way that the conclusion of Lemma 5.9 holds true) such that the image red ℘,N (κ 1 ) ∈ H 1 Fcan (Q, T (℘, N)) of κ 1 is non-zero. By our running hypothesis (H3), the map
is injective. In particular, the image κ
is non-zero. We therefore conclude for the image κ κ κ (℘) ∈ KS(T, F T , P) of κ κ κ that its leading term κ Remark 5.11. The proof of the Theorem 5.10 shows that the assumption on the leding term of the Kolyvagin system that κ 1 ∈ H 1 (Q, T) is non-torsion may be weakened to the assumption that κ 1 / ∈ ℘H 1 (Q, T) for some height one prime ℘ of R. Below we check further that if H Lemma 5.14. Under the hypotheses (H.nA), the R-module H 1 (Q p , T) is free of rank d.
Proof. The arguments of [Büy09, Appendix] prove under the running assumption that the R u,v,w -module H 1 (Q p , T u,v,w ) is free of rank d. The proof of the lemma follows passing to inverse limit.
Recall the definition of a pseudo-geometric specialization given in Definition 1.5. This should be thought of as a generalization of Perrin-Riou's [PR95] module of algebraic p-adic L-function, whose definition she gives for the cyclotomic deformation of a motive.
